Abstract: Consider in R 2 the semi-planes N = {y > 0} and S = {y < 0} having as common boundary the straight line D = {y = 0}. In N and S are defined linear vector fields X and Y , respectively, leading to a discontinuous polynomial vector field Z = (X, Y ). If the vector fields X and Y satisfy suitable conditions, they produce a transition flow from a segment of the splitting line to another segment and this produces a generalized singular point on the line. This point can be a focus or a center. In this paper we give necessary and sufficient conditions to a D-singular point be a monodromic.
Introduction
One of the most accomplished stability theories for dynamical systems is that of AndronovPontryagin [2] and Peixoto [9] for C 1 vector fields in the plane and on surfaces. Elements of this theory provide characterization and genericity results for structurally stable vector fields. Extensions of this theory to the class of discontinuous, piecewise smooth, vector fields have been provided by Filippov [4] and Kozlova [7] . The need for such an extended theory goes back to Andronov et al. [1] .
In [4] , Filippov defined the rules (revisited below) for the transition of the orbits crossing the line D of discontinuity which separates two regions N and S on which the field is smooth, given by X and Y respectively. He also prescribed when the orbit slides along D. This leads to an orbit structure that is not always a flow on the surface obtained glueing N and S along D. The work of Kozlova [7, 4] pursues the setting established by Filippov. In [12] , Sotomayor and Teixeira developed the regularization method, taking as domain the sphere S 2 . This method consists in defining a one parameter family of continuous vector fields that approaches the discontinuous one, when the parameter goes to zero. To this end, a transition function ϕ is used to average X and Y in order to get the family of continuous vector fields. Sotomayor and Teixeira provided conditions on Z = (X, Y ), which imply that the regularized vector fields are structurally stable for small values of the parameter. Moreover, Sotomayor and Machado [8] applied the method outlined above to the case of a planar region M , with a smooth ∂M . The conditions given in [12] are adapted to this case and the genericity, not discussed in [12] , is established explicitly there. Other developments in this direction can be found in Garcia-Sotomayor [5] , where piecewise linear vector fields are studied and Buzzi-da Silva-Teixeira [3] , where the method of singular perturbations are used to study certain discontinuous vector fields.
In this paper we deal with discontinuous vector fields Z defined by a pair (X, Y ), where X and Y are polynomial vector fields in the plane. The goal here is establish conditions on Z que determine when a singular point of Z in D is a center or a focus.
Statement of the main results
Let f : R 2 →R be the function f (x, y) = y. We use N , S and D to denote the respective subsets of the plane {(x, y) : y > 0}, {(x, y) : y < 0} and {(x, y) : y = 0}. Therefore, we have that
The discontinuous vector fields Z is defined by:
where X, Y are planar vector fields. We write Z = (X, Y ), where we will allow to be bi-valued at the points of D. Following Filippov's terminology (in [4] ), we distinguish the following arcs in D:
• Sewing Arc (SW ): characterized by Xf · Y f > 0 (see Figure 1 (a)).
• Escaping Arc (ES): given by the inequalities Xf > 0 and Y f < 0 (see Figure 1 (b)).
• Sliding Arc (SL): given by the inequalities Xf < 0 and Y f > 0 (see Figure 1 (c)).
As usual, here and in what follows, Xf will denote the derivative of the function f in the direction of the vector X. i.e. Xf = ∇f, X .
On the arcs ES and SL we define the Filippov vector field F Z associated to Z = (X, Y ), as follows: if p ∈ SL or ES, then F Z (p) denotes the vector tangent to D in the cone spanned by X(p) and Y (p).
A point p ∈ D is called a D-regular point of Z if one of the following conditions hold:
This means that p belongs either to SL or ES and it is not a singular point of
We will call p ∈ D a real (respectively virtual) singular point of Z = (X, Y ) if either it is a singular point of X and p ∈ N or it is a singular point of Y and p ∈ S (respectively if either it is a singular point of X and p ∈ S or it is a singular point of Y and p ∈ N ).
A continuous closed curve γ consisting of two regular trajectories, one of X and the other of Y , and two points
Let p be a isolated D-singular point of the discontinuous vector field Z. If there exist a regular trajectory γ of X (respectively of Y ) and a open set V ⊂ N (respectively a open set V ⊂ S) such that γ → p, either to positive or negative time, in V we called γ a D-characteristic orbit of Z at p. We also saw que γ is a D-characteristic orbit of Z at p if p ∈ γ and either γ ⊂ ES or γ ⊂ SL.
If
A D-singular point p is a fold point of order n of X (respectively Y ) if n ∈ N is even,
. In this case we saw that X (respectively Y ) has a contact of order n with D at p.
Consider the planar differential system associated to discontinuous vector field Z of the forṁ
where
and so that X = (P + , Q + ) and Y = (P − , Q − ). In what follows P ± and Q ± are linear functions on R 2 . This define the following linear differential systems
and ẋ
We call (2) and (3) the northern and southern subsystem of (1) respectively. From [4] we know that the flow of (1) denoted by ϕ(t, (x, y)) can be defined by using the flows ϕ ± (t, (x, y)) of (2) and (3). For example, for a point (x, y) ∈ N ∪ S, we have Since the study of linear differential systems is completely known from the works of Laplace in 1812, the only field of research in piecewise linear differential systems is about the orbits which move on both sides of line y = 0. In this paper we are interesting in the possibility to have periodic orbits surrounding a D-singular point of Z, in particularly on the Center-Focus problem. As in the continuous case, this problem is also a challenge. In order if Z has a D-closed orbit we can define a Poincaré map from y = 0 to itself defined in x ≤ 0, and another defined in x ≥ 0. Every one of this Poincaré maps is of the form ψ : I → J with the (bounded or unbounded) intervals I and J of y = 0 so that ψ(I) = J, then for q ∈ I we have that ϕ(t, q) ∈ J where the time t may be different for each point of the interval I. The set of orbits going from the points of I to the point of J define what is called a transition flow. Thus, to have a closed orbits surround a D-singular point we must then have a transition flow ψ + : I + → J + and ψ − : I − → J − for each subsystem, so that the intersection of the respective segments J + ∩ I − and J − ∩ I + are not empty. In this way we can define a Poincaré return map and determine the existence or not of closed orbits. In other words, a D-singular point is a center if and only if its Poincaré return map is the identity. Using the same idea we can also study the existence or not of limit cycles.
Monodromic D-singular points
In this section we give necessary and sufficient conditions to a D-singular point be a monodromic. Proof. We have that p = (x 0 , 0), so that Xf (p) = c + x 0 + β + . Since p is a isolated D-singular point of Z and Xf (p) = 0, it follows that c + = 0 and so
we have that Xf (p) = X 2 f (p) = 0 implies that p is a singular point of X. In the same way we prove that if p is a isolated D-singular point of Z and Y f (p) = Y 2 f (p) = 0, then p is a singular point of Y .
The following corollary is immediate of the above preposition.
Corollary 2. Let X and Y be the respective vector fields associated to systems (2) and (3). If p is a fold point of X (respectively Y ), then X (respectively Y ) has contact of order 2 (i.e. parabolic contact) with D. Proof. In fact, because if the necessary condition of proposition is not true, then p has a Dcharacteristic orbit and so it is not a D-monodromic singular point of Z.
The following theorem classifies the D-monodromic singular points of Z. 
